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We present a mathematical theory to explain a recent empirical finding in the Physics literature (Zhao
et al., 2013) in which the distributions of waiting-times between discrete events were found to exhibit
power-law tails with an apparent universal exponent: a  3:5. This new theory provides the first ever
qualitative and quantitative explanation of Zhao et al.’s surprising finding. It also provides a mechanistic
description of the origin of the observed universality, assigning its cause to the emergence of dynamical
feedback processes between evolving clusters of like-minded agents.
 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).Introduction
Many studies have recently appeared in the Physics literature
concerning the dynamics of complex processes across the socio-
economic and biological sciences – from human communications
and conflicts to protein production [1–8]. However, a complete
mathematical description of such dynamical processes does not
yet exist, in part because of the complex feedback processes that
operate across multiple timescales. A recent study [9] of discrete
events in the world’s largest sociotechnical system – the global
financial market – produced the surprising finding that the distri-
bution pðsÞ of waiting-times fsg between events, exhibits a power-
law tail sa with exponent a  3:5 irrespective of the currency pair
being considered [9]. To date, there is no known qualitative or
quantitative explanation of this finding. Although power-law dis-
tributions are known to emerge from many real-world systems,
their exponents typically lie scattered in the range 2–3, not con-
centrated around some higher value (3.5).Quantitative theory
The foreign exchange (FX) market handles an average daily
trading volume of over 4 trillion US dollars and comprises a diverse
collection of buyers and sellers. It is the collective activity of these
agents which determines the relative value of currencies at any
point in time [3,4]. In this section, we present the details of ourtheory to explain the universality of the a  3:5 power-law tail
in the empirical distribution of waiting-times between price-
change events in the FX markets.
We start by noting an earlier empirical observation from Ref.
[10] in which Stanley and co-workers show (see Fig. V of Ref.
[10]) that the NYSE for 1994–1995, the London Stock Exchange
for 2001, and the Paris Bourse for 1995–1999, all exhibit a common
distribution of individual transaction sizes with a power-law expo-
nent of 2:5 0:1. This suggests that the distribution of clusters of
like-minded traders exhibits a power-law with exponent equal to
2.5 – indeed, this 2.5 value coincides exactly with a dynamical the-
ory of clusters of like-minded traders presented in Ref. [11]. Many
generalizations of this theoretical model [11] also have a 2.5 value
which suggests that the 2.5 value is a robust ‘fixed point’ for
dynamical network models of cliques or communities describing
traders’ opinion formation and herding behavior [11]. This result
in turn suggests that orders originating from such clusters of tra-
ders, appear and get processed as batches of size s where the prob-
ability distribution of s is given by pðsÞ  s2:5.
Based on simple market microstructure considerations, we now
make the plausible assumption that it takes a time s for that order
of size s to get filled, and that when the order is filled, the market
maker(s) re-assess their position and/or the spread – and so effec-
tively the price changes. This suggests that the waiting time until
the price changes varies as s  sa where a is some number that
can be determined empirically. Though no existing empirical study
yet exists that pins down the precise relationship between s and s,
it makes intuitive sense that the larger s is, the longer it may wait
to get properly absorbed and hence produce a price change. Some
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of market impact, which is the change in price induced by placing a
given volume of orders [8]. As discussed by Slanina [12], Zhang
conjectured [13] that the market impact varies as the volume to
the power m ¼ 0:5 which was then found to be consistent with data
[14,15], while the virtual market impact based on an average price-
versus-volume profile suggests m is closer to unity. Though no pre-
cise value for m exists [12], these findings suggest mmay lie near 0.5
or just above. In the case of FX, we imagine a simplified represen-
tation in which we divide each size s into a certain number of min-
imal units, each of which would be just small enough to not move
the price if digested by the market. Feeding each unit consecutively
into the market, the time taken to digest the order increases with s.
Given that m is less than unity and seemingly close to 0.5, it is rea-
sonable to assume that a is also likely less than unity and probably
close to 0.5. A value of 0.5 can be seen as a random walk result in
the following way: Suppose each of the minimal units comprising a
given size s can be seen as requiring additional time for the market
to digest or not, with equal probability like a coin-flip. In the case
that these are uncorrelated, this is an uncorrelated random walk
and so the time s required would be proportional to s0:5 which sug-
gests that a  0:5. In the case that these have some positive corre-
lation, this is a correlated random walk and so the time s required
would be proportional to sa with a > 0:5.
It will be interesting to see if a future empirical study can pin-
point more closely a value for a. However in the absence of an
exact value, we can still proceed mathematically as follows. We
know from probability theory that
R
pðsÞds ¼ R pðsÞds ¼ 1 and
hence that pðsÞ ¼ pðsÞ dsds. Taking s  sa as we argued above, gives
ds
ds ¼ 1a sð1aÞ. This means that pðsÞ  pðsÞsð1aÞ, dropping the constant
a in front. Given that pðsÞ  s2:5, this gives pðsÞ  sð1a2:5Þ. Substi-
tuting s  sa, gives pðsÞ  sðaþ2:51Þ=a. So this means that the distri-
bution of waiting times between price-changes is a power-law as
reported in Ref. [9], with exponent ðaþ 2:5 1Þ=a ¼ 1þ ð1:5=aÞ.
Taking a value for a of 0.5 as for an uncorrelated random walk,
gives the exponent of 4, which is larger than the 3.5 in Ref. [9]. Tak-
ing a value for a of 0.75 as for a strongly correlated random walk,
gives the exponent of 3, which is smaller than the 3.5 in Ref. [9].Taking a value for a of 0.6 as for a weakly correlated random walk,
gives the exponent of 3.5, which is the same as in Ref. [9]. So, given
the assumption that the time until the price changes varies as the
order size in the following way, s  sa, and that a is around 0.6 as in
the typical case of a weakly correlated random walk, then we
explain the a  3:5 exponent result of Ref. [9] which was observed
across currency pairs.Summary
In summary, we have presented a mathematical theory which
can explain a recent empirical finding in the Physics literature
due to Zhao et al. [9], concerning the waiting-time distribution
between price-change events in the FX market – in particular,
the apparent universal exponent of the power-law tail with value
a  3:5. The specific details of our theory suggest that complex
dynamical feedback processes drive the clustering of trader opin-
ions, which then plays a fundamental role in generating the univer-
sal 3.5 exponent result.References
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